Abstract: Let Q be a smooth quadric surface and E a vector bundle on Q. We say that E is weakly line positive if for each line T ⊂ Q the bundle E|T is a direct sum of line bundles of degree ≥ 0. Here we classify the quadruples (a, b, u, v) ∈ Z 4 such that there is a weakly line positive extension of O Q (a, b) by O Q (u, v).
Introduction
Let Q ⊂ P 3 be a smooth quadric surface. We have Pic(Q) ∼ = Z 2 and we will write O Q (a, b) for the line bundle of bidegree (a, b) on Q. Let π i : Q → P 1 , i = 1, 2, be the two projections with π 1 * (O P 1 (1)) = O Q (1, 0) and π 2 * (O P 1 (1)) = O Q (0, 1). Let E be a rank two vector bundle on Q. We say that E is π 1 -uniform (resp. π 2 -uniform) if there are integers c ≥ d such that for all T ∈ |O Q (1, 0)| (resp all T ∈ |O Q (0, 1)|) the vector bundle E|T is a direct sum of a line bundle of degree c and a line bundle of degree d. A vector bundle F is said to be weakly line positive if for each T ∈ (|O Q (1, 0)| ∪ |O T (0, 1)|) (i.e. for each line T ⊂ Q) the vector bundle bundle F |T is a direct sum of line bundles of degree ≥ 0. Notice 
The Proof
We need the following remarks ( [1] ). Remark 1. Let E be a π 2 -uniform vector bundle of type (t, t). Then π 2 * (E(−t, −0)) is a rank two vector bundle and E ∼ = π * 2 (π 2 * (E(−t, −0))(t, 0).
Remark 2. Let E be a π 2 -uniform vector bundle of type (t, c) for some t > c. Then π 2 * (E(−t, −0)) is a rank one bundle and π * 2 (π 2 * (E(−t, −0))(t, 0) is a rank one saturated subbundle of E. Hence there are integers e, f such that E is an extension of O Q (c, e) by O Q (t, f ). Proof. Notice that c 2 (E) = a(v −b). Assume the existence of such a vector bundle E. Since O Q (a, b) is a quotient of E, it is spanned outside a finite set. Hence b ≥ 0. Since E is spanned outside finitely many points, for each D ∈ |O Q (0, 1)| the bundle E|D is spanned outside finitely many points. Hence it has splitting type a 1 ≥ a 2 ≥ 0. Since a 1 +a 2 = 0, we get a 1 = a 2 = 0. Remark O Q (a, b) by O Q (u, b) .
Remark 3. Assume v > b and take any extension
Lemma 2. Fix integers a, u such that −a < u < 0. Let B be the set of all
Proof. Fix an integer t > 0 and set
Use the deformation theory of vector bundles on P 1 . . From now on we assume v > b. First assume u = −a. Since a ≥ 0 and b ≥ 0, we may repeat the proof of Lemma 1 and get a contradiction. Now assume u ≥ −a + 1 (and hence a ≥ 2). Lemma 2 gives the existence of ǫ i ∈ H 1 (P 1 , O P 1 (u − a)), i = 1, 2, such that for all (λ, µ) ∈ K 2 \ {(0, 0)} the extension F λǫ 1 +µǫ 2 of O P 1 (a) by O P 1 (u) is spanned. Künneth formula gives
Proof of Theorem 1. Every extension
there are two linearly independent α i ∈ H 0 (P 1 , O P 1 (v − b)) with no common zero. Set ǫ := α 1 ǫ 1 + α 2 ǫ 2 ∈ H 1 (O Q (u − a, b − v)) and let E be the extension of O Q (a, b) by O Q (u, v) induced by ǫ. Since v > b, for all T ∈ |O Q (0, 1)| the vector bundle E|T has splitting type (v, b). Fix D ∈ |O Q (0, 1)|, say D = π 2 1 (o) with o ∈ P 1 . We have E|D ∼ = F α 1 (o)ǫ 1 +α 2 (o)ǫ 2 . Hence E|D is spanned. Hence E is weakly line positive.
